In this paper, a comparative study of adaptive vibration control approaches is presented for the system identification for micro- 
Introduction
Micro-electro-mechanical systems (MEMS) gyroscopes have become the most growing micro-sensors for measuring angular velocity in recent years due to its compact size, low cost and high sensitivity. Most MEMS gyroscopes based on Coriolis force utilize electrostatic force driven and capacitive detection. Fabrication imperfections always result in some cross stiffness and damping effects, and the performance of the MEMS gyroscope is deteriorated by the effects of time varying parameters, quadrature errors and external disturbances. Therefore, it is necessary to utilize advanced control methods to measure the angular velocity and minimize the cross coupling terms.
Adaptive control is an effective approach to handle parameter variations. In the presence of model uncertainties and external disturbances, sliding mode control is necessary to be incorporated into the adaptive control to improve the robust performance of control system. Adaptive sliding mode control has the advantages of combining the robustness of variable structure methods with the tracking capability of adaptive control. In the last few years, many applications have been developed using sliding mode control and adaptive control. Utkin [1] , [2] showed that variable structure control is insensitive to parameters perturbations and external disturbances. Ioannou et al. [3] derived and summarized the robust adaptive control in the Lyapunov sense. Park et al. [4] - [6] presented adaptive control to drive both axes of vibration for a MEMS gyroscope. Batur et al. [7] developed a sliding mode control for a MEMS gyroscope. Leland [8] proposed an adaptive force balanced controller for tuning the natural frequency of the drive axis of a vibratory gyroscope. Oboe et al. [9] proposed a new control scheme for the driving loop, which is particularly suitable to be implemented using switching capacitor technology. Robust adaptive controllers are proposed in [10] - [13] to control the vibration of MEMS gyroscope in the presence of external disturbance. Sun et al. [14] developed a phase-domain design approach to study the mode-matched control of MEMS vibratory gyroscope. Feng et al. [15] presented an adaptive estimator-based technique to estimate the angular motion and improve the bandwidth of MEMS gyroscope. Raman et al. [16] developed a closed-loop digitally controlled MEMS gyroscope using unconstrained sigma-delta force balanced feedback control. Saukoski et al. [17] presented a novel zero-rate output and quadrature compensation method in vibratory MEMS gyroscopes. Huang et al. [18] derived new robust adaptive algorithm for tracking control of robot manipulators. Theodoridis et al. [19] presented a new adaptive neurofuzzy controller for trajectory tracking of robot manipulators. Elibai et al. [20] introduced adaptive self-tuning control of robot manipulators with periodic disturbance estimation. Shen et al. [21] developed sliding mode control for tele-robotic neurosurgical system.
In this paper, a novel adaptive control is derived for the state tracking control of MEMS gyroscope; moreover, for the purpose of comparison, a novel adaptive sliding mode control with integral switching surface which is different from the sliding surface [14] is designed to estimate the unknown system parameters in the presence of external disturbance. The novelty of the proposed adaptive control is that an additional controller is incorporated into the state feedback controller to give more freedom to design the adaptive controller, thus the error dynamics is determined by the reference model dynamics and additional controller. Moreover, a sliding mode control algorithm is incorporated into the proposed adaptive control and the adaptive sliding mode control with application to MEMS gyroscope in the presence of external disturbance is investigated. The main advantage of the integral sliding surface is that it can provide more design flexibility and simplify the design procedure. Using Lyapunov stability theory and Barbalat's lemma, the convergence and stability of the closed-loop system and convergence property can be guaranteed. The contribution of this paper is that novel adaptive approaches are proposed to estimate the angular velocity and all unknown gyroscope parameters. A comparative study of adaptive control and adaptive sliding mode control for MEMS z-axis gyroscope is conducted to evaluate the performance index such as robustness of control system and convergence of tracking error, system parameter in the presence of model uncertainties and external disturbance. The control strategy proposed here has the following advantages compared to the existing ones:
1. The advantage of using adaptive control approaches is that an additional controller is incorporated into the state feedback controller to give more freedom to design the adaptive controller, thus the error dynamics is determined by the reference model dynamics and additional controller. This will provide more design flexibility and simplify the design procedure. The system parameters including angular velocity can be consistently estimated with the proposed adaptive controller. 2. A new adaptive sliding mode control is proposed to deal with system non-linearities such as model uncertainties and external disturbances to improve the trajectory tracking resolution and robustness of the control system. Meanwhile, the consistent estimation of system parameters including angular velocity can be obtained. Both of these features are the most important features of the proposed control as with existing ones.
Dynamic Model of MEMS Gyroscope
The dynamics of MEMS gyroscope is described in this section. A typical MEMS gyroscope configuration includes a proof mass suspended by spring beams, electrostatic actuations and sensing mechanisms for forcing an oscillatory motion and sensing the position and velocity of the proof mass as well as a rigid frame which is rotated along the rotation axis. Dynamics of a MEMS gyroscope is derived from Newton's law in the rotating frame. In a z-axis gyroscope, by supposing the stiffness of spring in z-direction much larger than that in x, y directions, motion of proof mass is constrained to only along the x-y plan as shown in Fig. 1 . Assuming that the measured angular velocity is almost constant over a long enough time interval, under typical assumptions Ω x ≈ Ω y ≈ 0, only the component of the angular rate Ω z causes a dynamic coupling between the x-and y-axes. Taking fabrication imperfections into account, which cause extra coupling between x and y axes, the motion equation of a gyroscope is simplified as follows:
where x and y are the coordinates of the proof mass with respect to the gyro frame in a Cartesian coordinate system; d xx , d yy , k xx , k yy are damping and spring coefficients; d xy , k xy , called quadrature errors, are coupled damping and spring terms, respectively, mainly due to the asymmetries in suspension structure and misalignment of sensors and actuators, and u x,y are the control forces. The last two terms in (1) and (2), 2mΩ zẏ , 2mΩ zẋ , are the Coriolis forces and are used to reconstruct the unknown input angular rate Ω z . Dividing both sides of (1) and (2) by m, q 0 , w 2 0 , which are a reference mass, length and natural resonance frequency respectively, where m is the proof mass of a gyroscope, we get the form of the non-dimensional equation of motion as:
where
Rewriting the gyroscope models (3) and (4) in state space form as:
The reference models x m = A 1 sin(ω 1 t) and y m = A 2 sin(ω 2 t) can be written in state space form as:
where A m is a known constant matrix. Consider the system in (5) with external disturbance as:
where X (t) ∈ R 4 , u(t) ∈ R 2 and A ∈ R 4×4 is unknown constant matrix, B ∈ R 4×2 is known constant matrix, f (t) ∈ R 4×1 is uncertain exogenous disturbances.
Assumption 1. f(t) has matched and unmatched terms.
There exists unknown matrix of appropriate dimension f m (t) such that:
where Bf m (t) is matched disturbance, f m (t) ∈ R 2×1 and f u (t) ∈ R 4×1 is unmatched disturbance. Therefore, the dynamics (7) can be rewritten aṡ
Assumption 2. f m and f u are bounded such as f m (t) ≤ α m and f u (t) ≤ α u , where α m and α u are known positive constants.
Assumption 3. There exists a constant matrix K * such that the following matching condition A + BK * T = A m can be satisfied.
The control target for MEMS gyroscope is (i) to design an adaptive controller so that the trajectory of X (t) can track the state of reference model X m (t); (ii) to estimate the angular velocity of MEMS gyroscope and all unknown gyroscope parameters.
Adaptive Control Design
The block diagram of adaptive control system is shown in Fig. 2 . In the adaptive control design, we consider (5) as the system model and use the assumption 3. The tracking error is defined as state tracking:
The derivative of tracking error is:
The adaptive controller can be expressed:
where K (t) is an estimate of K * , the constant matrix K f satisfies that (A m + BK f ) is Hurwitz.
The estimation error is defined as
Substituting (13) into (5) yields,
Then, we have the tracking error dynamic equation:
The update law is derived based on the state X (t), and tracking error e(t), which is shown as:
where M = diag{m 1 m 2 } is positive definite and P is positive definite and symmetric. The stability analysis of the proposed adaptive controller is summarized in Theorem 1. Theorem 1. The adaptive controller (12) with the adaptive law (16) applied to the system (5) guarantees that all closed-loop signals are bounded, the tracking errorgoes to zero asymptotically and the controller parameter K converges to its true value if the condition of persistent excitation can be satisfied.
Proof : Define a Lyapunov function:
Differentiating V with respect to time yields,
Substituting the adaptive law (16) into (18) obtains,
where λ min (Q) is the eigenvalue of matrix Q with minimum real part. The inequalityV ≤ − λ min (Q) e implies that e is integrable as
e dt is bounded andė is bounded, according to Barbalat's lemma, e will converge to zero asymptotically, lim t→∞ e (t) = 0. Moreover, from the adaptive law (16), according to the persistence excitation theory [1] , if X(t) is persistent excitation signal, it can be guaranteed that K (t) → 0.
Remark 1.
If an external disturbance is included in the dynamical system as in (7), it is not easy to have asymptotical convergence of the error signal to zero as time goes to infinity using the proposed adaptive control as in Section 3.
Adaptive Sliding mode Control Design
A novel adaptive sliding mode control strategy with a proportional and integral sliding surface for MEMS gyroscopes is proposed as in Fig. 3 . In this section, the assumptions 1 and 2 are effective. A detailed study of the proportional-integral sliding mode control algorithm is presented in the presence of both matched and mismatched external disturbances.
Consider (3) and define the tracking error e (t) = X (t) − X m (t), then its derivative is:
The proportional-integral sliding surface s = 0 is defined as:
where λ ∈ R 2×4 satisfies that λB is non-singular, K e satisfies that (A m + BK e ) is Hurwitz.
The derivative of the sliding surface becomes:
The equivalent control u eq can be obtained by settinġ s = 0:
Then adaptive sliding mode controller can be expressed as:
where K (t) is an estimate of K * . The last component of (24) is designed to address the matched and unmatched disturbance, which is given as u s = u s1
where ρ is a constant. Define the estimation error as:
Substituting (24) and (25) into (9) gets:
Then, the derivative of tracking error can be obtained:
Thus the dynamics of sliding surface s(t) can be derived as:
The update law for the estimated parameters is chosen as follows:K
where it is based on the state X (t) and sliding surface s (t). The stability analysis of the proposed adaptive sliding mode control can be summarized in Theorem 2.
Theorem 2. The adaptive controller (24) with the adaptive law (29) applied to the system (9) guarantees that all closed-loop signals are bounded with the choice of ρ ≥ λB α m + λ α u + η, the tracking error and sliding surface go to zero asymptotically, and the controller parameter K converges to its true value if the condition of persistent excitation can be satisfied.
Proof : Define a Lyapunov function candidate:
Differentiating V with respect to time yields:
Substituting the adaptive law (29) into (31) yields:
with the choice of ρ ≥ λB α m + λ α u + η, where η is a positive constant,V becomes negative semi-definite, i.e.,V ≤ −η s . This implies that the trajectory reaches the sliding surface in finite time and remains on the sliding surface. The fact thatV is negative semidefinite ensures that V , s andK are all bounded. The inequalityV ≤ −η s implies that s is integrable as and with the special choice of λ, it can be concluded lim t→∞ e(t) = 0. From the parameter updating laẇ
T , according to the persistence excitation theory [1] , if X satisfies the persistent excitation condition, then (16) guarantees thatK → 0. It can be shown if ω 1 = ω 2 , XX T has full rank, then excitation can be called persistent.
Remark 2. Both the tracking errors are state tracking in the proposed adaptive control (Section 3) and proposed adaptive sliding mode control (Section 4), but their derivatives are different because only the external disturbances are considered in the adaptive sliding mode control design. Therefore (15) and (20) of the error dynamics are completely different between these two control methodologies.
Remark 3. To eliminate the chattering, a smooth sliding mode component is proposed as
where ε > 0 is small constant.
Simulation Example
The proposed adaptive control and adaptive sliding mode control is evaluated on the MEMS gyroscope model [2] , [4] . The unknown angular velocity is assumed Ω z = 5.0 rad/s and the initial condition on K matrix is
The desired motion trajectories are x m = sin(w 1 t) and y m = 1.2 sin(w 2 t), where w 1 = 6.71 kHz and w 2 = 5.11 kHz.
The adaptive gain of (16) Figures 4 and 5 compare the tracking errors, where e 1 = x − x m denotes tracking error in x-axle, e 3 = y − y m denotes tracking error in y-axle. It is observed that the tracking errors all converge to zero asymptotically and the tracking error of adaptive sliding mode control has better transient performance than that of adaptive control.
Figures 6-9 compare the adaptation of the angular velocity and controller, parameters using these two different controllers, respectively. It can be observed from these figures that the former achieves better parameter identification performance than the latter. The estimate of angular velocity using adaptive sliding mode control has larger overshoot at the beginning but much smaller rise time than that using adaptive control. Figure 10 demonstrates that the sliding surfaces converge to zero asymptotically. It is observed in Fig. 11 that the chattering has been diminished using the smooth sliding mode controller. The robust performance of adaptive sliding mode control in the presence of model uncertainties and external disturbances is better than that of the adaptive control because the system non-linearities such as model uncertainties and external disturbances cannot be compensated in the adaptive controller but can be incorporated into the adaptive sliding mode control.
Conclusion
The designs of adaptive control and adaptive sliding mode control for MEMS gyroscope are investigated and 7 compared in this paper. Novel adaptive approaches are proposed and Lyapunov stability conditions are established. The difference between these two adaptive approaches is that model uncertainties and external disturbances can be incorporated into the adaptive sliding mode algorithm to improve the robustness of the control system. Numerical simulations shown that if the persistent excitation can be satisfied, all unknown gyroscope parameters, including the angular velocity, converge to their true values, and tracking error is going to zero asymptotically. In the presence of model uncertainties and external disturbance, adaptive sliding mode control has better robustness compared with adaptive control.
